A graph is diameter-2-critical if its diameter is two and the deletion of any edge increases the diameter. Let G be a diameter-2-critical graph of order . Murty and Simon conjectured that the number of edges in G is at most 
Introduction
Distance and diameter are fundamental concepts in graph theory. A graph G is called diameter-2-critical if its diameter is two, and the deletion of any edge increases the diameter. Diameter-2-critical graphs are extensively studied in the literature. See, for example, [1-3, 5, 6, 10-12, 16, 17] and elsewhere.
Plesník [17] observed that all known diameter-2-critical graphs on vertices have no more than 2 /4 edges and that the extremal graphs appear to be the complete bipartite graphs with partite sets whose cardinality differs by at most one. Murty and Simon (see [2] ) independently made the following conjecture:
Murty-Simon Conjecture. 2 2 .
If G is a diameter-2-critical graph with vertices and edges, then ≤ 2 /4 , with equality if and only if G is the complete bipartite graph K
According to Füredi [6] , Erdős said that this conjecture goes back to the work of Ore in the 1960s. Although considerable work has been done in an attempt to completely resolve the conjecture (see, for example, [2, 5, 6, [9] [10] [11] [12] 17] and elsewhere) and several impressive partial results have been obtained, the conjecture remains open for general . Fan [5] proved the conjecture for ≤ 24 and for = 26. In 1992 Füredi [6] gave an asymptotic result proving the conjecture is true for large , that is, for > 0 where 0 is a tower of 2's of height about 10 14 . The conjecture has yet to be proven for other values of .
Main result
Our aim in this paper is to prove the Murty-Simon Conjecture for graphs with sufficiently large maximum degree. More precisely, we shall prove the following: 
Proof of Theorem 2.1
Before proving Theorem 2.1 in Section 3.4, we give some terminology and preliminary results.
Graph theory terminology
For notation and graph theory terminology, we in general follow [8] . We denote the complement of a graph G by G. A set S of vertices in G is a dominating set in G if every vertex of V (G) \ S is adjacent to a vertex in S. A total dominating set in G is a set S of vertices of G such that every vertex is adjacent to a vertex in S. The total domination number γ (G) is the minimum cardinality of a total dominating set in G. Total domination is now very well studied in graph theory. For more details, the reader is referred to the book on domination theory by Haynes, Hedetniemi, and Slater [8] and a recent survey on total domination [14] .
Let G = (V E) be a graph. If S ⊆ V , and and are two nonadjacent vertices that belong to S, then we say that is a missing edge in S (rather than " is a missing edge in the induced subgraph G[S]"). Also, if there are no missing edges in S, we take the liberty to write that S is complete (rather than "G[S] is complete").
For disjoint subsets X and Y of vertices in a graph G, we denote by [X Y ] the set of all edges in G that join vertices in X and vertices in Y . For a vertex ∈ V and a subset X ⊆ V , the X -neighborhood of is the set N X ( ) = N G ( ) ∩ X and the X -closed neighborhood of is the set N X [ ] = N X ( ) ∪ { }. Thus, N X ( ) is the set of neighbors of that belong to the set X . Further, the degree of in X is given by X ( ) = |N X ( )|; that is, X ( ) is the number of vertices in X that are adjacent to .
The association with total domination
In order to prove our main result, we use an important association of diameter-2-critical graphs with total domination in graphs. Conventionally the diameter of a disconnected graph is considered to be either undefined or defined as infinity. For the purposes of this paper, we use the former and hence require that a diameter-2-critical graph is 2-edge connected. This implies that the graphs we consider will have minimum degree two (since removing an edge incident to a vertex of degree one results in a disconnected graph). We note, however, that if we relaxed the condition and defined the diameter of disconnected graphs to be infinity, the only additional diameter-2-critical graphs are stars with order at least three, that is, the complete bipartite graphs with exactly one partite set of cardinality 1.
domination number is and the addition of any edge decreases the total domination number. It is shown in [13] that the addition of an edge to a graph can change the total domination number by at most two. Total domination edge critical graphs G with the property that γ (G) = and γ (G + ) = − 2 for every edge ∈ E(G) are called -supercritical graphs.
Hanson and Wang [7] were the first to observe the following intermediary relationship between diameter-2-critical graphs and total domination edge critical graphs. Note that this relationship is contingent on total domination being defined in the complement G of the diameter-2-critical graph G, that is, G has no isolated vertices. Hence our elimination of stars as diameter-2-graphs is necessary for this association.
Theorem 3.1 ([7]).

A graph is diameter-2-critical if and only if its complement is 3 -critical or 4 -supercritical.
The 4 -supercritical graphs are characterized in [20] .
Theorem 3.2 ([20]).
A graph G is 4 -supercritical if and only if G is the disjoint union of two nontrivial complete graphs.
Bounds on the diameter of 3 -critical graphs were established in [13] .
Theorem 3.3 ([13]).
If G is a 3 -critical graph, then 2 ≤ diam(G) ≤ 3.
Quasi-cliques
Since γ (G) ≥ 2 for any graph G, the addition of an edge to a 3 -critical graph reduces the total domination number by exactly one. Hence if G is a 3 -critical graph, then γ (G) = 3 and γ (G + ) = 2 for every edge ∈ E(G) = ∅. We will frequently use the following observation and notation.
Observation 3.4 ([10]).
For every 3 -critical graph G and nonadjacent vertices and in G, either the set { } is a dominating set in G or, without loss of generality, the set { } is a dominating set in G − for some vertex adjacent to but not to in G. In this case, we write
→ . 
Proof of Theorem 2.1
As a special case of a classic result of Turán [19] .
As an immediate consequence of Mantel's Theorem, we observe that the Murty-Simon Conjecture is true for triangle-free graphs. Hanson and Wang [7] were the first to observe that the complement of a 4 -supercritical graph is a complete bipartite graph. The number of edges in a complete bipartite graph is maximized when the partite sets differ in cardinality by at most one, and so the Murty-Simon Conjecture holds for this case and a subset of the complements of 4 -supercritical graphs yield the extremal graphs of the conjecture. In order to prove the Murty-Simon Conjecture, it suffices to prove that if G is a diameter-2-critical graph with vertices and edges and if G is not a complete bipartite graph, then < 2 /4 . By Theorem 3.2, the complement G of such a graph is not a 4 -supercritical graph and therefore, by Theorem 3.1, is a 3 -critical graph. We note that for a graph G of order , |E(G)| < 2 
if and only if |E(G)| > ( −2)
4
. Therefore, by Theorem 3.1 and Theorem 3.2, the Murty-Simon Conjecture is equivalent to the following conjecture.
Conjecture 3.5.
If G is a 3 -critical graph with order and size , then > ( −2)
.
In order to prove our main theorem, namely Theorem 2.1, it therefore suffices for us to prove the following theorem about total domination critical graphs, as δ( 
Claim A.
The set B forms a quasi-clique. A. If B is a clique in G, then B is a quasi-clique 
Proof of Claim
Claim B.
The set X forms a quasi-clique.
Proof of Claim B.
If X is a clique in G, then X is a quasi-clique, as desired. Hence we may assume that X is not a clique. Let be a missing edge in X . We note that the vertex is not dominated by { }. Hence by Observation 3.4
we may assume, renaming and if necessary, that → for some vertex . Since is not adjacent to any vertex of X , we note that / ∈ X ∪ { }. Further since is an edge of G, we note that = . Every vertex different from is adjacent to or , and so is the only vertex that is adjacent to neither nor . We may therefore uniquely associate the edge with the missing edge . Hence, X forms a quasi-clique. 
If is even, we wish to show that
Hence, by Equation (2), for even it suffices for us to consider the function
and to show that
by Equation (2)). If is odd, we wish to show that
Hence, by Equation (2) For all let ( δ) = odd ( δ) and note that even ( δ) ≥ odd ( δ) = ( δ) for all . Therefore it suffices to show that ( δ) > 0 for all . Let be defined such that δ = . We now prove the following claim.
Claim C.
If ( Table 1 in Appendix shows the values of δ and that will cause ( δ) > 0 to be true. In particular, we note that if ≤ 0 3 and 24 ≤ < 52, we also have ( δ) > 0 (by Table 1 ). This proves Part (a) of the theorem.
Part (b) can be proven analogously (see Table 1 for values of δ and that will cause ( δ) > 0 to be true).
